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Analysis of a Nuclear Reactor Support Structure

A. H. MArCHERTAS*
Argonne National Laboratory, Argonne, I11.

G. M. Smrruat
University of Nebraska, Lincoln, Nebr.

A general solution is presented for the deformation of a circular grid support structure,
which consists of two parallel perforated plates positioned one above the other and inter-
connected by a large number of tubes. The solution is based on a modified shape function
for a circular plate which may be subjected to any degree of edge restraint, ranging from fixed
to simple supports. The Rayleigh-Ritz method is used in conjunction with the Lagrangian
multiplier associated with the degree of edge restraint. The complexity introduced by the
holes in the two plates is circamvented by the use of two equivalent solid plates. The solu-
tion is given in terms of a set of simultaneous algebraic equations with a general expression

for the coefficients.

Nomenclature

outside radius of the plates, in.

undetermined coefficients of deflection function

total number of coneentric regions in a plate

constant or coefficient

tube diameter, in.

Eh3/12(1 — »?), flexural rigidity of plate, lb-in.

modulus of elasticity, 1b/in.2

intensity of uniformly distributed load, Ib/in.2

plate thickness, in.

indices referring to location of holes, tubes, or loads

w{do* — d,*)/64, tube moment of inertia, in.*

constant indicating the degree of edge restraint;
Eq. (5)

stress multipliers, given by O’Donnell and Langer!

distance between the plates, in.

indices of terms in deflection function; m £ 1,n =1

bending moment, Ib-in.

maximum number of terms in series of deflection
function

constants associated with edge restraint; Eq. (3)

individual loads, 1b

cylindrical coordinates of plates

distance between center lines of perforations, in.

minimum ligament width, in.

strain energy, in.-lb

potential energy due to external load, in.-Ib

plate deflection, in.

total potential energy, in.-lb

coordinates of the tubes

See Eqgs. grouped following (21)

See Egs. grouped following (21)

See Eqs. grouped following (21)

See Eq. (10)

number of holes, tubes, or loads

Poisson’s ratio

See Eq. (6)

weight density, lb/in.?

unit stress, 1b/in.2

Lagrangian multiplier
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Introduction

HE principal structural assembly within a nuclear reactor

is the grid support structure for the nuclear fuel, safety,
and control assemblies. A typical grid support structure is
shown in Fig. 1. The perforations or holes are symmetrical
with respect to the center of the plates and are arranged in
an equilateral triangular pattern. Tubes extend through the
holes and are rigidly connected to both plates. The fuel
assemblies rest on the top plate of the structure, as shown
in Fig. 2a. The total load consists of numerous concen-
trated loads of the fuel assemblies, weight of the tubes, and
the distributed weight of the plates. For a nuclear rocket
engine that is accelerating a vehicle in space, the loads on
such a structure would, of course, depend upon the magnitude
of acceleration.

Under load, the top and bottom plates deflect and the
interconnecting tubes deform, as shown in Fig. 2a. Excessive
deformation of the tubes could cause the protrusions of the
fuel assemblies to contact the tube walls and bind during
loading-unloading operations (sec Fig. 2a). A substantial
deformation of the plates during acceleration of the vehicle
could tilt the fuel assemblies enough to affect the neutron
flux of the reactor.tf Furthermore, deflections will increase
as temperature rises and may alter the nueclear reactivity
characteristics significantly. Therefore, the operation and
performance of a nuclear reactor depend to a considerable
extent upon the rigidity of the grid support structure.

The purpose of this paper is to present a general solution
for the analysis of the deflection and slope geometry and
stress intensity of a nuclear reactor grid support structure.
It is believed that the solution presented will be useful for
reactors for nuclear-rocket engines. Since the grid structure
would ordinarily be supported by the walls of the reactor
vessel (see Fig. 1), the analysis should be sufficiently general
to accommodate any degree of edge restraint.

{ It is assumed in this analysis that the fuel assemblies are
not restrained in any other way, so that no additional external
moment is imparted to the tubes.
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EDGES MAY HAVE ANY DEGREE OF RESTRAINT
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Fig.1 Typical grid support structure of a nuclear reactor.

Basis for Analysis

The following assumptions are made:

1) The material of the structure obeys Hooke’s Law.

2) Perforated plates of the grid structure can be treated
as ‘“‘equivalent solid plates” by using appropriate elastic
constants. O’Donnell and Langer! have summarized the
work done in the field of perforated plates, and the concept
of an “equivalent plate’” has gained rather wide acceptance.

3) Deformation of both plates of the structure is the same.

4) The deflection of the plates is axisymmetric.

5) Membrane stresses in the plates and axial stresses in the
tubes are negligible.

6) An equivalent average moment may be assumed in-
stead of the individual moments caused by the tubes.

The analysis is based on the general solution of a simplified
problem. Since the number of loads on the structure is large,
it is reasonable to base the solution on the deflection of a
uniformly loaded circular plate. It is interesting to note
that the general deflection (neglecting shear deflection) of
the plate under a uniform load may be generalized to incorpo-
rate the complete range of edge restraints. This deflection
may be concisely represented by the following expression:

_E[v+5—4k_2y+3—2k 5>2+ 5)4]
" 64D v+ 1 y +1 a a
(1)

where the constant £ depends on the degree of edge restraint
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Fig. 2 Geometry and forces for interconnecting tubes.
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and ranges from zero for simple supports to unity for fixed
supports. The meaning of £ may best be realized by ob-
serving the expressions of the radial edge moment and slope
for the entire range of edge restraints; the moment may he
shown to be in terms of k£ and the fixed edge moment (¢ = 1),
and the slope in terms of k and the slope of a free edge (k = 0).
The reations are as follows:

Miee = kM,

dw (2)

dr

r—a dr

Deflection Function

When the load on the plate is other than uniformly dis-
tributed but still symmetrical with respect to the center, the
deflection expression of Eq. (1) must be modified. The
modified deflection function or shape function may be taken
in the form of the polynomial$

e E o) )T et

where
I 40—k  2n+v+5— 4k
Pn = MFtr+1  mAr+1
and
21 — k) 2n + v+ 3 — 2k
g =1+ =
on+v 41 2n+v +1

which derive their form from the two extreme boundary
conditions. The A.,’s are the undetermined -coefficients
which may be looked upon as the scaling factors of the shape
function. The combined term =4, has always the dimen-
sions of deflection.

By direct differentiation of Eq. (3) and substitution into
the expressions of plate theory, the radial moment and slope
at the edge become

8Dk =
Mr‘r:a = — ll—z E arA,
n=0
)
dw 8(1 — k) Z ard,
drle—a o+ v+ 1

It may be observed from Egs. (4) that now the moment and
slope at the edge are functions of 4., which may be either
positive or negative. The sign of the moment and slope,
however, is established by physical considerations of the
problem. Thus, in order to ascertain the correct sign, it
becomes necessary to choose the coefficients such that the
condition

]u‘r‘r:a A/ Hr=a (5>

k=1

is always satisfied. It is interesting to note that satisfying
the geometric boundary condition

dw

dw
dr =a- k)g;

r—a r=a

in place of the moment restriction is insufficient. In other
words, the geometric boundary conditions of deflection and

§ It should be noted that the term n = 1 is excluded from
the series because it involves a discontinuity in subsequent
calculations.
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slope alone are unable to control the sign of the radial moment
at the edge.

Potential Energy of the System

For the purpose of evaluating the undetermined coeffi-
cients, it is necessary to express the total potential energy
of the system in terms of 4,. This potential energy consists
of several parts, namely, strain energy of the plates, tubes,
supports, and the potential energy due to the external loads.
The separate component parts of the potential energy are
discussed in the succeeding sections.

Strain Energy of Plates

Since bending alone is considered in the deformation, the
strain energy stored in a circular plate? of radius a is

. D 27 a
(,p_gfo j; £ dr b (6)
where

d*w\? 1 fdw\?> | 2v (d*w\ [dw
£= [(dﬂ) T r? (dr) + 7 (dr2> <dr>:l r
In the design of the reactor support structures it is practically
impossible to use plates that are uniform in thickness or are
solid throughout. It is often necessary to make the plate
thinner in some places and/or make it perforated in others.
To accommodate this possibility the plate area is divided into

several concentric zones, as shown in Fig. 1. In this case
the strain energy of the plate becomes

1 27 B T
pr = é j‘o [:bgl D[, j:‘b_lgb dT] dé rg = a (7)

where each subscripted symbol refers to an appropriate
effective elastic constant (D) in the zone circumscribed
by r; B is the total number of such zones.

Performing the indicated mathematical operations, the
strain energy of both plates may be written in terms of the
undetermined coefficients as follows:

L‘p = Z Z Cmn’fim«’in (8)
m=0n=0

where m = 1, n = 1, and m < nin Eq. (8) and all equations
that follow. It will be shown in a subsequent section that
C...' 18 expressed in terms of the summation indices m and
n, the geometrical constants and the elastic properties of the
structure.

Strain Energy of Tubes

The strain energy due to bending of the tubes is

_ BELQE 1) o <d_w>2

C B dr

- 9
i,]‘ v.J

where the indices 7 and j refer to any convenient planar
coordinate system. However, Eq. (9) does not indicate
the location of the tubes with respect to the plates. In order
to correct this discrepancy, the expression is revised as

follows:
_ 2w a ﬂ,{) 2
Lt“ﬂfo f0<dr>rdrd0 (10)

where n = 6MEJ(I + h)2/wa¥3. This revised expression
implies a uniform variation of the tube strain energy over
the region between the plates instead of the algebraic energy
sum of the individual tubes.

It would not be unusual to conceive of a structure with
different sizes of tubes. For this reason the area of the plates
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again may be imagined to be divided into several concentric
regions with different sizes of tubes. In this case the modi-
fied strain energy of the tubes becomes

i} or [ B [ dw\?
z,L_ﬁ) l:b; ’“’f<5~> rdr]d@ rs=a (11)

and the subscripts refer to elastic constants in the appropriate
regions of the plates. The strain energy of the tubes, as in
the case of the plates, may be expressed in the form

Ui= 3 % Codud, (12)
m=0n=0
Strain Energy of Supports

The strain energy stored in the supports is proportional
to the product of the radial moment and slope at the edge
of the plates. This energy becomes

1 dw{
o= = M. ma] —
U= 2raM.l_.] ar.. (13)
or
Us= 3 3 Cu/"4,4, (14)
m=0n=0

Potential Energy of External Loads

The change in potential energy due to the external load is
the sum of the products of the individual loads and their
corresponding deflections:

N @
V = ~- Z Pi,j’wi,j = - Z CuAn (15)
%7 n=0

where the last expression is in terms of undetermined co-
efficients A4.,.

Final Analysis

The total potential energy W of the system may be com-
bined into a single expression as follows:

W3 3 Codude— 3 Codn (16)
m=0n=0 m=0

where Crp = Cun' 4 Cun’’ + Cuwn’’’. This potential energy
in the case of the two extreme boundary conditions (k¢ = 0 and
k = 1) may be directly subjected to the requirements of the
principle of minimum potential energy; i.e., OW/0A4,, = 0.
For 0 < k < 1, in addition to minimizing W, the moment re-
striction given by Eq. (5) must also be satisfied. By intro-
ducing the first of Eqgs. (4), the moment condition represented
by Eq. (5) may be more conveniently written as

© 2
Z a"An = - 8% A/‘[r Ti‘i = CNI (17)

n=0 B k

In order to include the additional condition into the analysis,
a mathematical tool known as the Lagrangian multiplier
method may be utilized. This method results in the modi-
fied energy expression

[Me

W= 3 3 Codads+x 3 el — 3 Couds (18)
On=0

m=0 m=0

m
where x is the Lagrangian multiplier. The modified energy
equation is subject to the same requirements as in the previous
case: O0W/04, = 0. The result of minimizing the total
potential energy expression with respect to a particular A..
yields

Z Conda + anx = Cn (771 = 0,2,3, ce ey 00) (19)
n=90
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Fig. 3 Pictorial convergence of de-
flection function.

The evaluation of the coefficients A4, may now be ac-
complished by the solution of the simultaneous algebraic
equations (17) and (19), where, in Eq. (19):

A
Con =3 Pis(ri)m } (20)

r\? r\*
[pm B 2(]m <_> + <*>
i aji; a/s,

B
Cmn = 47 {pmpnmn Z [D),(51 + Vb)BJ - g‘bBQ,/(b?] -

b=1

B
2pwgm(n + 2) Z [Di(8s + v) B2 4+ $uBs/ 3] —

b=1

B
2qnpa(m + 2)n 37 [Do(85 + ) B2 4 $8s/ds] +

=1

B
pam(n + 4) Z [Dy(8s - v5)Bs + ToBs/Pul 4

b=1

B
4qmga(m + 2)(n + 2) 3 [Do(8s + »)Bs + $uBs/bs] +
b=1
B
pa(m + 4)n Z [Do(66 + v)Bs + &8s/ a] —
b=1

B
2¢u(m 4+ 2)(n + 4) 3 [Dul87 + w)Bs + 5Bs/ 5] —

b=1

B
2¢.(m + 4)(n + 2) Z [Dy(8s + v)Bs + oBs/ 5] +

b=1

B
(m + 4)(n + 4) Z (Dy(6s + v5)B5 + §'1ﬂe/¢6]} +
b=1

1 1
1287k(1 — k)DB(a)‘i"(zm R -+ T —— 1>
re=a 21)
where
¢, = m+n+ 20— 2) c=12...6
Be = [(r)# — (r)%)]ale—D =12...6
o= [+ m~Dn~- 1/
S =1+ (m—~Drn+ 1)/
8 =1+ m+ LD~ 1]/¢
0 = [1+(m—D(n+3)]/¢s
% = 1+ m+ Dn+ 1)]/¢s
8 = [+ m+3)n—-1])¢
& =1+ m+Dn+ 3]/
0 = [1+ (m+3)n+ 1]/ /¢s
8 = [1+ (m+ 3)(n+3))/¢s
G o= aPp/ ()2 — (ra)?]

For practical purposes it is frequently sufficiently accurate
to deal with a finite number of equations. Unfortunately,
the number of terms N needed in the series for a given
problem cannot be predicted in advance. The more complex
the load distribution and the tube arrangement, the greater
the number of terms. For the selection of the appropriate
N it becomes essential to follow through a number of solu-
tions, each successive time increasing the equations by 1.
This type of solution for a required quantity possesses the
property of convergence. If the magnitude of at least two
successive solutions are very close to each other, then the
number of terms needed in the deflection series is assumed to
be sufficient.

Once N is determined and the corresponding coefficients
A, are evaluated, Eq. (3) provides the deflection of the
plates. It is important to note that, because of the presence
of the stiffening tubes in the structure, the maximum de-
flection does not necessarily take place in the center of the
plates. The easiest way to ascertain this maximum would
be by plotting w = f(r).

The configuration of the tubes may be determined from
elementary beam theory. Hence, the deflection of a tube

r/a

}
» [

DEFLECTION (w), 103 in,
L)

Fig. 4 Resultant deflections for various values of edge
restraint.
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in terms of the slope of the plate at the location of the tube
is found to be

y = g(x)(dw/dr) (22)
where
g(z) = (/498 + Wa® — 12(0 + )% +
2(203 + 612k + 9lh® + 3h¥)x — h2(l + h)(3l + h)]

and dw/dr is found by differentiating Eq. (3). It should be
recalled again that if reference is made to any particular
region of the plates, the appropriate physical constants
(v, E, D, 1, h, dy, d:) for that region should be used. The
maximum deflection of the tubes takes place wherever ¢(z)
and dw/dr have their maximum values. Since the maximum
value of g(z) is independent of the tube location, the maxi-
mum tube deflection becomes

3 (l—|—3h)3:|1/2 dw
Ymax = Tg l+ h <% mas (23)

where (dw/dr)max 18 the maximum angular deflection at the
end of the most deformed tube. The stress at the outside
diameter of the tube is

_ 3Bl + h)

dw
B A+ h— 22) i (24)

[

and the corresponding maximum stress is

_ 6Bd(l + B (dw i
(0 )max = B (dT>max (25)

The radial and tangential stress in the solid and also the
equivalent portions of the plates are derived from the con-
ventional deflection relationships yielding

N
o,.=—f;—12)2[ipnn(n—1+v)—

2
mm+mm+1+wGY+
(n+4n+ 3+ (2)4} A, (26)
w=—%§;mwm—w+u—
mm+mm+w+u@y+

(n + D ptn + 3) + 1] (2—)4} 4, (27)

Where the stresses in the equivalent portion of the plate are
known, the pertinent stresses in the perforated region may
also be approximated. These stresses are

s = Kool
l
ops = Kpop + f (28)

Ors = I{ro-rim + f

which are the ligament, peak, and rim stresses, respectively;
o1 = o, or gg, whichever has the greater numerical value.
The values of the coefficients K;, K,, K, are given in Ref. 1.

The procedure developed in this paper is applicable both
to hand and computer (IBM-704) calculations. The solu-
tion of the given problem is considered obtained whenever
the unknown coefficients A, of the deflection function are
evaluated. This is accomplished by constructing the needed
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MAXIMUM STRESS, 10° psi

Fig. 5 Maximum radial ¢, and tangential ¢ stresses in
homogeneous plates.

number of simultaneous equations and directly solving for
the A,’s. A single expression is presented in the analysis for
evaluating all of the constants of the coefficient matrix and
another expression for the terms of the constant vector.

Example Problem

Practical use of this analysis was made by predicting the
deflections and pertinent stresses of the Experimental Breeder
Reactor 1I% grid structure. Because of limited space the
physical dimensions of the grid structure will not be given
here. This is just as well, for the qualitative aspects of the
solution, more than the quantitative, illuminate the veracity
of the analysis.

The results of the example solution (obtained with a
FORTRAN II program of an IBM-704) are illustrated by

24I|I|IIT|I

l(dw/dr) m“, x 107

Fig. 6 Maximum angular deformation of tube.

¢ This is one of a series of breeder reactors designed and
operated by the Argonne National Laboratory (ANL) under
the auspices of the U. 8. Atomic Energy Commission. An ex-
perimental check of the analysis given in this paper is presently
under way at ANL and will be published as an ANL report.
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Figs. 3-6. Figure 3 shows the gradual decrease in computed
plate deflection as the number of terms taken into account in
the series increases. The effect of edge restraint £ may also
be observed by comparing the parts of Fig. 3, and resultant
deflection for the entire range of edge restraint is given in
Fig. 4. It may be pointed out that the reinforcing tubes
are arranged in an annular region (0.34 < r/a < 0.71) of the
plates, the presence of which is exhibited by the flat portion
(Fig. 4) of the deflection curves.

Figure 5 shows the maximum radial and tangential stresses
in the equivalent homogeneous plate of the grid structure
without reference to their location. These values may be
used in conjunction with Eq. (26) to predict the important
stresses in the perforated plates. For low values of k, it was
found that the maximum stress takes place at the outer edge
of the distributed tubes (r/a =~ 0.71), and for values of k close
to unity, the predominant stresses occur at the edges of the
plates. It is interesting to note that, from the point of view
of strength, the most efficient design takes place at some
intermediate edge restraint; in this particular case £ = 0.7.
Of course, the exact fixity at the edge, established by the
analysis, is very difficult to realize in actual practice. Never-
theless, the fixed edge condition is recommended in the actual
design of the grid structure, for it never can be fully attained.
When the rigidity of the edges is reduced by the structural
imperfections, then the actual edge restraint will approach

J. SPACECRAET

k = 0.7. In this way the deformation of the structure will
also be kept at a minimum.

The stresses and deflections in the tubes depend on the
slope to which the tubes are subjected. Hence, Fig. 6 gives
the necessary information for obtaining the maximum tube
deflections for all values of edge restraint.

Results of this example and other solutions infer to the
authors that on occasion certain simplifications may be
made without seriously impairing the accuracy of the solu-
tion. The equivalent circular approximation, for instance,
could be used for the hexagonal load distribution without
any noticeable discrepancy. This simplification may amount
to a considerable saving of labor if hand computations are
used. Still a greater simplification to the true load dis-
tribution is the assumption of the equivalent uniformly
distributed load. This assumption is less accurate than that
of the circular load distribution but could be used where the
variation of load is small.
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